1. Introduction. One of the theorems obtained by R. A. Beaumont in a recent paper 1 states that if G is an abelian group of finite rank all of whose elements have finite order, then G has no proper isomorphic subgroups. If we interpret G as a vector space over the ring of integers I, it is natural to raise the question : what properties of I are needed for this result? In this note we find two conditions which are sufficient, given as (1) and (2) in our main theorem. Whether these conditions are also necessary remains to be determined. 3. The theorem. Let F be a vector space over a ring R. DEFINITION. V has rank r over R if any finite subset of V can be spanned over R by r elements of V, and if r is the smallest integer with this property. PROOF. Take any vÇzV and ana^O with av = 0. Let W be the subspace consisting of all w with aw~0, and let A be the ideal in R consisting of all fi with fiW-0. By hypothesis R/A is finite; say it has n elements. Then W is finite; in fact, it has at most n r elements. For take any k elements of W and let H be the subspace they span. By our hypothesis H can be embedded in a subspace G spanned by r elements. Then by our lemma, H can also be spanned by r elements hi, • • • , h r of H. Since H is annihilated by A } there are at most n r different elements obtainable by taking linear combinations of hi t • • • , h r . Hence k^n r , as desired. Now suppose there is an isomorphism mapping V into a proper subspace V'. In this mapping PFmust be sent into part of itself, for W consists of all elements annihilated by a. But W is finite; hence W must be mapped into all of itself. In particular, the (arbitrary) element v is part of the image space V 9 whence V' = V.
